We formulate a microscopic linear response theory of magnon pumping applicable to multiplemagnonic-band uniform ferromagnets with Dzyaloshinskii-Moriya interactions. From the linear response theory, we identify the extrinsic and intrinsic contributions where the latter is expressed via the Berry curvature of magnonic bands. We observe that in the presence of a time-dependent magnetization Dzyaloshinskii-Moriya interactions can act as fictitious electric fields acting on magnons. We study various current responses to this fictitious field and analyze the role of Berry curvature. In particular, we obtain an analog of the Hall-like response in systems with non-trivial Berry curvature of magnon bands. After identifying the magnon-mediated contribution to the equilibrium Dzyaloshinskii-Moriya interaction, we also establish the Onsager reciprocity between the magnonmediated torques and heat pumping. We apply our theory to the magnonic heat pumping and torque responses in honeycomb and kagome lattice ferromagnets.
I. INTRODUCTION
It is well known that an electric field can drive a charge current, whereas in order to understand how to drive a spin current one needs to resort to the field of spintronics [1] . Magnetization dynamics generates spin currents in adjacent normal metal by a phenomenon known as spin pumping [2] [3] [4] . The discovery of spin pumping had a great deal of influence on the development of the field of spintronics as it led to new insights into the spin Hall [5] , spin torque [6; 7] , and spin Seebeck effects [8] . The phenomena related to the spin Seebeck effect are studied within the field of spincaloritronics [9] in which the focus is on interplay between the spin degrees of freedom and heat currents.
As heat and spin currents are also carried by magnons, one naturally arrives at a concept of magnon-mediated spin torques which can lead to thermally induced motion of magnetic domain walls [10] [11] [12] . Such torques exist only in noncollinear magnetic structures or when the Dzyaloshinskii-Moriya interactions (DMI) are present. In the latter case, such spin torques have been termed as DMI torques [13] . Recently, both field-like and antidamping-like contributions to DMI torques have been studied theoretically [14] [15] [16] [17] [18] . It has been noted [13] that DMI torques can be seen as magnon analogs of spin-orbit torques [19] [20] [21] [22] [23] [24] . This suggests that the phenomenology developed for spin-orbit torques can be readily applied to DMI torques [25; 26] . In particular, the intrinsic contribution to DMI torques has been identified [16] . Continuing this analogy, one can identify fictitious electric fields acting on magnons due to time-dependent magnetization dynamics [11; 27; 28] . One can also identify the magnon-mediated equilibrium contribution to DMI. Due to such contribution the electron-mediated energy current calculated in response to magnetization dynamics from the Kubo formalism contains an unphysical groundstate contribution [26] which needs to be subtracted. Similar unphysical contributions have been identified for anomalous responses induced by statistical forces [29] [30] [31] .
There is a considerable interest in magnets on lattices with non-trivial geometry as they allow observation of Berry phase related phenomena such as the thermal Hall effect of magnons [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . Theoretically, the increased magnon damping [42] , Dirac magnons [43] , and the magnon-mediated spin Hall effect [16; 44; 45] have been predicted for kagome and honeycomb lattice ferromagnets. In addition, other manifestations of the Berry phase physics can arise in layered kagome [40] and honeycomb [46] ferromagnets as examined in this work.
In this work, we analyze magnon currents arising in response to magnetization dynamics (see Fig. 1 ). In the presence of a time-dependent magnetization, DMI can act as fictitious electric fields acting on magnons. As has been noted earlier in the introduction, the energy current carried by such magnons contains the ground state contribution associated with magnon-mediated equilibrium DMI. Note that such corrections are important only in systems with non-trivial Berry curvature of magnon bands. Here, we concentrate on systems with non-trivial Berry curvature by considering various current responses in honeycomb and kagome lattice ferromagnets. Our linear response calculation of heat currents agrees with the calculation of magnon-mediated thermal torques [16] , thus confirming the Onsager reciprocity principle (see Fig. 1 ). We also study the feasibility of experimental observation of such current responses.
The paper is organized as follows. In section II, we introduce the Hamiltonian describing magnons with multiple bands and calculate the equilibrium DMI. Next, within the same section, we describe pumping of magnons in response to magnetization dynamics and thermal torques within the linear response theory. In the final part of section II, we formulate the Onsager relations. In section III, we apply our theory to honeycomb and kagome lattice ferromagnets. We conclude our paper in section IV. The Appendices A, B, C, and D contain very detailed derivations of our results.
II. THEORY OF MAGNON PUMPING AND DMI TORQUES
In this section, we develop a microscopic linear response theory of magnon pumping and nonequilibrium magnonic torques applicable to multiple-magnonic-band uniform ferromagnets with Dzyaloshinskii-Moriya interactions. We note that in our theory magnons are treated as conserved particles. Gilbert damping α could broaden magnonic bands and introduce magnon non-conserving processes. In realistic situations α is typically small and such broadening effects can be disregarded. In what follows, to simplify formulas, we take the system volume V = 1 and recover it in the final expressions (19) , (20) , and (28).
A. Preliminaries
We consider a noninteracting boson Hamiltonian describing the magnon fields, which could be, e.g., a result of the Holstein-Primakoff transformation:
where H is a Hermitian matrix of the size N × N and
describes N bosonic fields corresponding to the number of modes within a unit cell (or the number of spin-wave bands). The Fourier transformed Hamiltonian reads
where a † k is the Fourier transformed vector of creation operators. Hamiltonian in Eq. (2) can be diagonalized by a unitary matrix T k , i.e.
where E k is the diagonal matrix of band energies, and 1 N ×N is the N × N unit matrix.
B. Magnon-mediated Dzyaloshinskii-Moriya interaction
As magnons can exert a torque on magnetization even in equilibrium, we begin by considering an equilibrium state of the system. Such equilibrium DMI torques can be captured by calculating the DMI tensor in the presence of magnons in equilibrium state. The torque operator is introduced as
where m is a unit vector in the direction of the spin density. We then interpret DMI in terms of the moments of the torque:
where we assume a finite system. In order to represent an infinite system, we will eliminate the position operator from the final result. The average in Eq. (4) has been calculated in Ref. [16] in a form of a tensor M β defined as
where g(E) is the Bose distribution function g(E) = 1/[exp(βE) − 1]. In particular, it has been found that
where (for details of this calculation see Appendix A 1)
and
with the velocity v k = ∂ k H k , the effective field η k = −∂ m H k , and their eigen basis representations,
Finally, the expression for the DMI tensor is given by
It is easy to notice that B (n)
is the mixed space Berry curvature of the nth band. The second term in Eq. (6) has a clear analogy to the orbital moment [47] which can be seen after a substitution η k → v k [25] .
C. Heat and spin pumping by magnetization dynamics
In this subsection, we derive the magnon-mediated current response to slow magnetization dynamics in a system with broken inversion symmetry and spin-orbit interactions. The Kubo linear response energy current contains the ground state energy contribution related to the magnon-mediated DMI which have been calculated in the previous subsection. Thus, we will use the results calculated earlier in order to identify various transport contributions.
We are interested in the heat, particle, and spin current density responses described by a tensor t aα :
where a is q for the heat current, p for the particle current, and s for the spin current. Here the spin current is related to the magnon particle current density J p by a relation
In the presence of magnetization dynamics, Hamiltonian H acquires a perturbation of the form
where H = ∂ m H · δm(t) and we assume that δm(t) is small. We are interested in a linear response to the time derivative of m(t), thus we write δm(t) = (1/iω)∂ t m. Note that this calculation is similar to the calculation of dc current response to electric field with the correspondence A(t) → δm(t) where the perturbation in Eq. (11) leads to an analog of equilibrium diamagnetic current correction. Using the linear response Kubo theory we obtain for the heat and particle current density response:
or
where
is the retarded correlation function related to the following correlator in Matsubara formalism,
aα h with h = −´drΨ † (r)∂ m HΨ(r) being the nonequilibrium field, and j q (r) = (1/2)Ψ † (r)(vH + Hv)Ψ(r) and
q (r) being the heat current density and the macroscopic heat current, respectively. For the particle current we have similar expressions j and
p (r). Here the velocity operator is given by v = (1/i )[r, H]. We also introduce a gradient correction to the heat and particle currents due to perturbation, i.e., J
. This analog of diamagnetic current cancels with the term Π R α (0) resulting in the Kubo contribution of the form
The correlation function in Eq. (14) is calculated by considering the simplest bubble diagram for Π α and performing the analytic continuation, see e.g. Ref. [16] . We express the result through a response tensor t K aα containing two contributions t K aα = t I aα + t II aα , which are given by
, and J p = v. In our calculations, we adopt a phenomenological treatment and relate the quasiparticle broadening to the Gilbert damping, i.e. Γ = α ω.
Note that the Kubo response for the energy current density in Eq. (14) contains the bound energy current associated with DMI:
where tensorD is given in Eq. (9). This current needs to be subtracted from the Kubo current in Eq. (14) in order to obtain a transport heat current:
To express the response tensor t K aα , we use the Fourier transformed operators and the eigen basis representation for the velocity,
For the details of derivation of intrinsic contribution to the heat current see Appendix A 2. We obtain
which after combining with DMI energy current J D q leads to the response tensor describing the heat current (see Appendix A 3):
V is volume, and we separated the total tensor t qα into the intrinsic and extrinsic contributions, i.e., t qα = t ex qα + t in qα . For the particle current response only t K pα tensor needs to be considered, thus we obtain the following expression for the total tensor, t pα = t ex pα + t in pα , divided into the intrinsic and extrinsic contributions (for details of calculations of intrinsic contribution see Appendix B):
The last tensor also describes the spin current response, i.e., t sα = − t pα .
D. Thermal torques
In this subsection, we derive the magnon-mediated magnetization torque response to a temperature gradient in a system with broken inversion symmetry and spin-orbit interactions. For details of derivations see Appendix C. The thermal torque is defined according to equation
where β α is the thermal torkance tensor and T describes torque acting on magnetization and leading to modification of the Landau-Lifshitz-Gilbert equation, i.e., s(1 + αm×)ṁ = m × H eff + T where H eff is the effective magnetic field and s is the spin density. We use the Luttinger linear response method [48] in which the temperature gradient is replicated by a perturbation to Hamiltonian H of the form
where we introduce the temperature gradient as
The torque response can be found by calculating the effective magnon-mediated field:
where for the second term the averaging is done over the equilibrium state and for the first term over nonequilibrium state induced by the temperature gradient. The magnon-mediated torque acting on the magnetization is given by
Within the linear response theory, the response h [0] to a temperature gradient can be calculated from expression
qα . Note that this correlator differs from the one arising in Eq. (13) in the order of operators. In the correlator, we reduce the perturbation H to the energy current by employing the equalityḢ
q ∂χ and integration by parts. Following the notations in Ref. [16] , we introduce the linear response tensors S α and M α for the fields h [0] and h [1] and the total response tensor L α = S α + M α according to equation
where M α is given by Eq. (5) as it follows from Eq. (23).
For the tensors S α we obtain
We can also separate the total response tensor into the intrinsic and extrinsic contributions:
(28) For the thermal torkance tensor, we obtain
E. Onsager reciprocity relation
We are now in the position to combine the results from previous subsections into one expression that emphasized the Onsager reciprocity relation. In principle, the result of calculation of thermal torques in the last section can be extracted from the Onsager relations without performing the calculation. Writing the response tensors in terms of the torkance tensors, we obtain
where summation over repeated indices is implied, and we introduced the conductivity tensorσ(m), the magnonic heat conductivity tensorλ(m), the tensor Π(m) describing the magnon Seebeck and Peltier effects, and the tensorΛ(m) corresponding to LLG equation. The tensor α α (m) was introduced by analogy with the tensor β α (m) and it is given in Eq. (20), i.e., α α (−m) = t pα × m. For completeness we also added a response to an analog of electric field for magnons, −∂ α ϕ [49] . Equation (30) immediately follows from Eqs. (19) , (20) , and (28) given that intrinsic contributions are odd and extrinsic contributions are even under magnetization reversal. The Onsager reciprocity relation in Eq. (30) is similar to expressions obtained for similar electron-mediated effects in Ref. [25] . Equation (30) can be modified to account for the possibility of magnon accumulation resulting from the magnon motive force [28] or temperature gradient [49] .
III. RESULTS FOR HONEYCOMB AND KAGOME FERROMAGNETS
In this section, we apply our theory to single layer honeycomb and kagome ferromagnets with DMI. In our models, we introduce two types of DMI. The Rashba DMI correspond to mirror asymmetry in the system (see Figs. 2 and 4). The remaining DMI make the second quantized Hamiltonian of magnons to be asymmetric under time reversal. Such asymmetries make our systems to exhibit behavior analogous to electronic systems lacking the center of inversion and time reversal symmetry [26] . To demonstrate explicitly how fictitious electric fields result in magnon currents, we describe the honeycomb system analytically. Our results could also be relevant to threedimensional layered structures with weakly coupled layers. Note that the magnon pumping could in principle be modified by DMI induced anharmonic interactions of magnons [42] . We do not expect this effect to be large when magnetization substantially deviates from the direction orthogonal to DMI vector.
A. Application to honeycomb ferromagnet
In this subsection, we study a model of an insulating ferromagnet on a honeycomb lattice. This model contains physics discussed above in a transparent and analytical way. For the details of further derivations see Appendix D. We assume a Heisenberg exchange of ferromagnetic sign, in-plane DMI of Rashba type, and secondnearest neighbor DMI. The Hamiltonian is
The vectors of the Rashba type DMI are shown in Fig. 2 , where (
,
as τ i and a i , are measured in units of lattice spacing a 0 which is recovered in the final result. The vector of the second-nearest neighbor DMI is in the z− direction, and the signs of ν ij are depicted in green in Fig. 2 for the directions shown by dashed green arrows. For analytical results, we assume that all DMI are small, i.e. J D [R] and J D [z] . In our model, initially, we assume that the order is in general (m x , m y , m z ) direction, which can be realized by application of the magnetic field. Our strategy would be to first understand the role of the DMI in the behavior of magnons for a general direction of the ferromagnetic order. After that we will assume that the main order is in the z− direction, while the perturbations that deviate the order are in the x − y plane (see Fig. 1 T spinor is
, with 
J m x . We observe that Rashba DMI plays an effective role of magnon charge, while order direction (m x , m y , 0) is an effective vector potential felt by magnons.
The eigenvalues of the Hamiltonian are calculated to be,
with corresponding eigenfunctions
We are now ready to derive spin and heat currents which are driven by magnetization dynamics. We set the dominant component of the ferromagnetic order in the z− direction and assume that the magnetization dynamics is in the x − y plane. We only focus on the intrinsic contribution to the currents, i.e., due to non-trivial Berry curvatures of the magnon band structure. An expression defining the Berry curvature is
In the following, we focus on the α = x and β = x case, and mention β = y case at the end. Recall that ∆ k does not depend on m β for β = (x, y) components, hence ∂ m β ∆ k = 0. The derivative with respect to the direction of the order m β of the remaining functions that depend onk is
This straightforward transformation makes the mixed Berry curvature a regular k− space one, except for the ∂ m β ∆ k = 0 condition. The Berry curvature has extrema at the K = 0, points, and can be approximated as
The curvature is the same for both K and K points. The spectrum at these points is finite, k,± ≈ JS(3±3 √ 3|∆|), but the Berry curvature is of the monopole type. Hence at small temperatures, despite the exponential suppression of the magnon number at the K and K points, there might be a contribution to the magnon currents due to this Berry curvature. At the Γ = (0, 0) the spectrum of the lowest band is k,− ≈ 1 4 SJk 2 , and it will be populated by the magnons the most at low temperatures. The Berry curvature is approximated close to this point as
According to Eqs. (10) and (20), the particle current density due to the Berry curvature at small temperatures, SJ T , reads
where we introduced z = T /SJ for brevity, and set m z = 1. Similarly, from Eq. (18), the heat current due to the Berry curvature at small temperatures, SJ T , reads
In both cases a term ∝ e − 3SJ T is due to K and K points, while the remaining one is due to Γ point.
We introduced a numerical constant I = It is straightforward to show that Berry curvature parts of the J px and J qx currents driven by (∂ t m) y magnetization dynamics vanish. The J sy and J qy currents driven by (∂ t m) y magnetization dynamics will have the same expressions as in Eqs. (45) and (46) . Thus, we calculated even under magnetization reversal components α (45) and (46).
B. Application to kagome ferromagnet
Here we apply our theory to the kagome lattice ferromagnet with the nearest neighbor DMI. The lattice of the system and its magnon spectrum are shown in Fig. 4 . Note that all vectors, such a 1 and a 2 , are measured in units of lattice spacing a 0 which is recovered in the final result. We consider a model considered in Ref. [16] with a Hamiltonian given by
where J > 0 corresponds to ferromagnetic nearest neighbor exchange, B is the external magnetic field, and ν ij describes a sign convention for the nearest neighbor DMI, i.e., ν ij = 1 for the clockwise sense of direction and ν ij = −1 otherwise (see Fig. 4 ). Note that vectors
ij have an in-plane Rashba-like component D [R] ij directed orthogonally to bonds and outwards with respect to bond triangles (see Fig. 4 ). The Rashbalike DMI could result from mirror asymmetry with respect to the kagome planes. At sufficiently low temperatures the Hamiltonian in Eq. (47) can be analyzed by applying the Holstein-Primakoff transformation. The corresponding magnon spectrum is shown in Fig. 4 where the lower, middle, and upper bands have the Chern numbers −1, 0, and 1, respectively.
We begin by analyzing an effect of magnon pumping by magnetization dynamics. This effect is characterized by tensor α α or equivalently by Eq. (10). It is also clear from Eq. (30) that the same tensor also describes a magnetization torque induced by an analog of electric field for magnons. We assume a small-angle precession of magnetization around the z− axis. By symmetry consideration, it is sufficient to consider only α We can now estimate the amplitude of ac spin current as θ ω (α odd xx ) 2 + (α even yx ) 2 . For a three-dimensional system containing weakly interacting kagome layers, we can write α 3D ij = α s ij /c where c ∝ a 0 is the interlayer distance which is comparable to the lattice constant a 0 . For parameters
, and the Gilbert damping α = 0.1, we obtain the spin current of amplitude J s ≈ 10 −8 J/m 2 . We suggest to detect such spin currents by the ac inverse spin Hall effect [50] .
We also consider an effect of heat pumping by magnetization dynamics. This effect is characterized by tensor β α . Here we again assume a small-angle precession of magnetization around the z− axis. Similar sym- separated into the odd and even under magnetization reversal parts. The results of our calculations for the two components are shown in Fig. 6 . The amplitude of ac heat current is given by θT ω (β odd xx ) 2 + (β even yx ) 2 which for the above parameters and T = 50K results in the heat current of amplitude
After invoking the Onsager relation (30) one can confirm that estimates obtained in this subsection are comparable to estimates for thermal torques obtained in Ref. [16] . Note also that the phenomenology discussed in this paper is similar to Ref. [26] , however, the heat current is carried by magnons in contrast to electronic mechanisms considered before.
IV. CONCLUSIONS
In this work, we explored fictitious electric fields acting on magnons in response to time-dependent magnetization dynamics in the presence of DMI. We find that such fictitious electric fields can drive sizable spin and energy currents. We suggest a detection scheme relying on the ac inverse spin Hall effect [50] . Additionally, we obtain an analog of the Hall-like response in systems with non-trivial Berry curvature of magnon bands. This leads to even under magnetization reversal contributions to the response tensors. By the Onsager reciprocity relation, this Hall-like response can be related to the antidamping thermal torque [16] . Finally, we identify the ground state energy current associated with the magnonmediated equilibrium contribution to DMI. This contribution needs to be subtracted from the Kubo linear response result according to our analysis.
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Appendix A: Heat current as a response to magnetization dynamics Measurable heat current consists of three parts. Free energy contribution, and non-equilibrium heat current and orbital magnetization heat current carried by magnons.
Free energy heat current
Magnon mediated Dzyaloshinskii-Moriya interaction contribution to the free energy of the system is
where D DMI is the Dzyaloshinskii-Moriya tensor we will calculate below. For instance, functionality on x might be due to the boundary or it might be due to spatially dependent magnetization profile. Assuming a time dependence of the magnetization, via a r → r + ωt shift, one can derive the current due to time dependence of DMI part of free energy using continuity equation
where V is the volume of the system. The Dzyaloshinskii-Moriya interaction constant is
where T β = (∂ m H × m) β is the torque operator. To calculate the DMI, we introduce
equivalent to the velocity operator definition, with r m β ≡ i∂ m β equivalent to the position operator. It was shown that
Also, we derive the Berry curvature parts of A αβ and B αβ .
and a Berry curvature part of the B αβ as
Therefore,
and it can be shown that
Heat current due to magnons
We assume that the magnetizaion is varying in time. Next, we assume that due to that there is a time-dependent term in the Hamiltonian. For example, since the DMI depends on the direction of the order, this DMI will be time dependent. The Hamiltonian of the spin waves is then
We defineĤ T =Ĥ +Ĥ (t). Microscopic expression for the heat current current is derived via commutation relationship
here Assuming that the magnetic order is m(t) = m + δm(t), we write the perturbation asĤ (t) = ∂ mĤ δm(t). We will use analogy between magnetization dynamics and the electromagnetic waves. The direction of the local magnetization can be seen as a vector potential for effective electromagnetic field electric and magnetic fields. Then, ∂m ∂t is analogous to the electric field, while ∇ × m is analogous to the magnetic field. We will then write δm(t) = 1 ω ∂m(t) ∂t
The heat current is separated in to two parts
The H (t) will be treated as a perturbation. We will be working with global currents J Q ≡ 1 V´d rj Q (r). The heat current is conveniently written as
Where the former one is estimated over non-equilibrium states and is given by Kubo formula, while the later one is due to orbital magnetization of the magnons and is estimated over equilibrium states.
a. Non-equilibrium heat current, Kubo formula
Kubo formula for an arbitrary operator A(ω), where ω is Matsubara frequency, is
is the perturbing Hamiltonian.
After all of the transforms, we get
and where a bar overĀ βk symbolizes information that the derivative is over β component of the magnetization direction, m β . After the transformations we get,
Expand S αβ (ω) in ω, and get
where n = m parts of S αβ are
where we integrated by parts over k. Term with n = m elements reads
which we expand in ω, and get
Overall the Kubo part of the current is presented as
b. Magnon orbital magnetization heat current
In this section we calculate an expectation value of the perturbed current over the equilibrium ground state,
Quantity of interest is
We then get
Overall response is
Summing up the Dzyaloshinskii-Moriya current and current carried by magnons, we get
Appendix B: Spin current as a response to magnetization dynamics Again, we study a ferromagnetic system with time-dependent magnetization direction. Hamiltonian is
We defineĤ T =Ĥ +Ĥ (t). Microscopic expression for the spin density current current is derived via commutation relationship Assuming that the magnetic order is m(t) = m + δm(t), we write the perturbation asĤ (t) = ∂ mĤ δm(t). The spin current splits in to two parts j S (r) = j 
We again consider macroscopic currents, J S =
1
V´d rj S (r). We write
The later term is due to orbital magnetization of magnons, while the former current is given by Kubo formula
where again,ṽ
After straightforward transformations, expanding the expression above in ω, and taking corresponding integral over k by parts, we obtain an expression
The orbital magnetization part of the current is given by
Hence, we observe
The overall spin current is readily obtained
where Ω αβ = 2Im ∂ α T † k ∂ m β T k is the mixed Berry curvature. where Ω (+)
xmx (k), and
Recall that β here stands for the component of the ferromagnetic order, i.e. m β . Recall that ∆ k does not depend on m β , hence ∂ β ∆ k = 0. The derivitave with respect to the direction of the order m β of the remaining functions that depend onk is
this straightforward transformation makes the mixed Berry curvature a regular k− space one.
Berry curvature at the K and K points
We first show that the Berry curvature has peaks at the K and K points. Let us study the spectrum close to K = 0, 
